A complete study of the Higgs sector of the SU (3) c ⊗ SU (3) L ⊗ U (1) X model is carried out, obtaining all possible cases of vacuum expectation values that permit the spontaneous symmetry breaking pattern SU (3) L ⊗ U (1) X → SU (2) L ⊗ U (1) Y → U (1) Q . We find the most general Higgs potentials that contain three triplets of Higgs and one sextet. A detailed study of the scalar sector for different models with three Higgs triplets is done. The models end up in an electroweak two Higgs doublet model after the first symmetry breakdown; we find that the low energy limit depends on a trilinear parameter of the Higgs potential, and that the decoupling limit from the electroweak two Higgs doublet model to the minimal standard model can be obtained quite naturally.
Introduction
Though the Standard Model (SM) [1] is a good phenomenological theory and coincides very well with all experimental results [2] , it leaves several unanswer questions which suggest that SM should be an effective model at low energies, originated from a more fundamental theory. Some of the unexplained aspects in SM are: the existence of three families [3] , [4] , the mass hierarchy problem [3] , [4] , the quantization of the electric charge [5] , the large number of free parameters to fit the model, the absence of an explanation for the matter anti-matter asymmetry [3] , the fact that for our conclusions.
Fermion and vector representations 2.1 Fermion representations
The fermions present the following general structure of transformations under the quiral group SU (3) 
where the quarks q are color triplets (3) and the leptons ℓ are color singlets (1) . The second equality corresponds to the branching rules SU(2) L ⊂ SU(3) L . Both possibilities 3 and 3 * are included in the flavor sector (SU(3) L ), since the same number of fermion triplets and antitriplets must be present in order to cancel anomalies [19] . The generator of U(1) X conmute with the matrices of SU(3) L , therefore it should be a matrix proportional to the identity, where the factor of proporcionality X p takes a value according to the representations of SU(3) L and the anomalies cancelation.
The electric charge is defined in general as a linear combination of the diagonal generators of the group Q = a T 3 + β T 8 + X I, (2.2) with T 3 = 1 2 diag(1, −1, 0) and
diag (1, 1, −2) , where the normalization chosen is T r(T α T β ) = 1 2 δ αβ , and I = diag (1, 1, 1) is the identity matrix. In this work we shall show that these quantum numbers can also be fixed by choicing the scalar sector and vacuum alignment to break the symmetry of the model.
Representation of gauge bosons
The gauge bosons associated to the group SU(3) L transform according to the adjoint representation and are written in the form
Therefore, the electric charge takes the general form From Eq. (2.4) we see that the cases β = ± √ 3 lead to exotic charges and only the cases β = ±1/ √ 3 does not. As for the gauge field associated to U(1) X , it is represented as B µ = I 3×3 B µ , (2.5) which is a singlet under SU(3) L , and its electric charge is given by (2.6) From the previous expressions we see that three gauge fields with charges equal to zero are obtained, and in the basis of mass eigenstates they correspond to the photon, Z and Z ′ . Two fields with charges ±1 associated to W ± and four fields with charges that depend on the choice of β. Demanding that the model contains no exotic charges is equivalent to settle β = −1/ √ 3 [16] , and β = 1/ √ 3. The Higgs potential of the model with β = 1/ √ 3 has been discussed recently by the third of Refs. [18] , however we consider the most general Higgs potential with three Higgs triplets and we also show that it reduces to the 2HDM in a natural way when the decoupling limit is taken.
In both of the cases β = ±1/ √ 3, the fields K ±Q 1 µ and K ±Q 2 µ posess charges ±1 and 0 . It is important to take into account the scalar sector and the symmetry breakings to fix this quantum number, which in turn determine the would-be Goldstone bosons associated to the gauge fields, with the same electric charge of the gauge fields that are acquiring mass in the different scales of breakdown. When β takes a value different from the previous ones we get fields with exotic electric charges.
Fermionic anomalies
The coefficient of triangular anomalies is defined as
where G α T ψ h are the matrix representations for each group generator acting on the basis ψ with helicity left or right. In the particular case of the 331 gauge models, such conditions become (a) [SU (3) 
(2.8)
When we impose for the fermionic representations of SU (3) c ⊗SU (3) L to be vectorlike, then the number of color triplets should be equal to the number of color antitriplets, and same for the left triplets. In this case, all the conditions of Eqs. (2.8) are satisfied, except the ones that involve the quantum numbers asociated to U (1) X . Considering a particle content as the one in table 1; the non-trivial conditions are reduced to
where we have included the gravitational anomaly condition as well. These conditions still permit an infinite number of solutions for the quantum numbers, that can be characterized by the values of a and β in the definition of the electromagnetic charge Eq. (2.2). However, a = 1 is required to obtain isospin doublets to embed
X . Now, in order to restrict β, we could demand that the exotic component of the triplet has ordinary electromagnetic charge, in whose case β = ±1/ √ 3. On the other hand, we can obtain relations between β and the quantum numbers associated to U (1) X by imposing gauge invariance in the Yukawa sector, and by taking into account the symmetry breaking pattern. 3 Scalar representations
SSB scheme
From the phenomenological point of view, the SM is an effective theory at the electroweak scale, hence, the SSB follows the scheme
In the first breakdown there are five gauge fields that acquire mass proportional to < Φ 1 > and in the second breakdown (electroweak breakdown), three gauge fields acquire mass of the order of < Φ 2 >, leaving a massless field associated to the unbroken generator Q, the photon.
In the first transition the VEV's of
Y where the hypercharge is defined as Y = β T 8 + X I. The conditions that should be satisfied in this breaking step are
These conditions reflect the fact that five bosons acquire mass and in order to preserve the number of degrees of freedom, at least five components in Φ 1 are needed to represent the would be Goldstone bosons.
In the second transition the VEV's of Φ 2 breaks the symmetry
The conditions that should be satisfied in this breakdown read
where three gauge bosons acquire mass, from which Φ 2 needs three components associated to the would be Goldstone bosons.
Yukawa terms
Other conditions fixed by the scalar sector are related to the fermion-fermion-scalar couplings that generate the fermion masses. The scalar fields have to be coupled to fermions by Yukawa terms invariant under SU(3) L ⊗ U(1) X ; these couplings can be written as
Hence, in order to generate the masses of the fermions, the Higgs bosons should lie either in the singlet, triplet, antitriplet or sextet representations of SU (3) L .
Scalar representations for the first transition (Φ 1 )
The choice of the scalar sector should fulfill the following basic conditions 1. The VEV's should accomplish the conditions (3.2) and (3.3) in the first and second transition respectively.
2. When the VEV's are replaced in Eq. (3.4) , the fermions should acquire the appropiate masses.
3. The number of components of Φ should be at least the number of would be Goldstone bosons for each transition of SSB.
Triplet representation 3
One of the possible solutions of the Eq. (3.4) is the fundamental representation 3 where the VEV's can be written in the form
By demanding the conditions of Eq. (3.2) for the first breaking of symmetry, it is found that the vacuum should be aligned in the following way (3.6) with the condition
The choice of vacuum above generates the following mass terms 
with the condition
The anti-triplet antisymmetric representation only admits mass Yukawa terms of the form
Symmetric representation 6
As for the possibility of Φ 1 = S symmetric, we have: 13) and requiring the conditions of Eq. (3.2) , it is obtained (3.14) with
The mass terms generated from the Yukawa Lagrangian are given by (3.16) 3.4 Scalar representations for the second transition (Φ 2 )
The first breaking align the vacuum according to the conditions (3.2) and impose a requirement on the quantum numbers of the representations X[Φ] − β/ √ 3 = 0. This condition gives freedom to choice the electric charge of the fields of the scalar representations in different directions. To align the vacuum in the second breakdown according to the conditions (3.3) we shall write explicitly the electric charge of the components of the scalar fields.
The charges for the representations 3, 3 * and 6 are given respectively by
We should notice that the choice of a particular vacuum alignment fixes the value of the quantum number X Φ , and it in turn fixes the β parameter according to the solutions (3.7), (3.11) and (3.15) respectively. The quantum numbers X for the fermions can be determined by means of the Yukawa sector, according to the couplings of fermions to the scalar sector and same for the gauge fields which acquire mass through the covariant derivative of the scalar fields. Therefore, it should exist a relation amongst both the fermion and gauge sectors with the scalar one. Owing to it, the quantum numbers of the scalar sector were settled free for the different symmetry breakings to fix them and find the different 331 models.
For this transition the vacuum should be chosen in the direction in which the scalar fields have null charge. From Eqs. (3.17)−(3.19) we observe that the components depend on the value assigned to β and X Φ . We will align the vacuum arbitrarily and choice the quantum numbers β and X Φ that define the electric charge operator according to the conditions (3.3).
Fundamental representation 3
Like in section 3.3.1, the possibility for a triplet is considered but for the second transition. Thus, the conditions (3.3) should be fulfilled. In table 2 the possible vacuum alignments for a representation 3 are shown.
Antisymmetric representation 3 *
For the anti-triplet antisymmetric representation, we get the same type of solutions as in table 2, and they are shown in table 3. In this way, we have found the Higgs bosons necessary to break the symmetry according to the scheme SU (3) (1) Q , and generate the masses of the fermions and gauge fields. This choice fixes the values of the quantum numbers X and the value of β needed to define the electric charge. Among the possible solutions we have β = − √ 3, √ 3, −1/ √ 3 and 1/ √ 3. They correspond to the models in Refs. [14] , [15] , [16] , and [18] respectively; the Higgs sector of the latter will be developed in detailed in this paper. For β = ±1/ √ 3 the models does not contain exotic electric charges. For values of β different from ±1/ √ 3, exotic charges arise i.e. electric charges different from ±1 and 0.
Higgs Potential

Three Higgs triplets
The triplet field χ and the antitriplet χ * only introduce VEV on the third component for the first transition, as it is indicated by the solutions (3.7) and (3.11) respectively, it induces the masses of the exotic fermionic components. In the second transition, it is observed in the tables 2 and 3 that pairs of solutions are obtained according to the value of β. A careful analysis of such solutions shows that the pair of multiplets is necessary to be able to give masses to the quarks of type up and down respectively * . Therefore, in the second transition is necessary to introduce two triplets ρ and η associated to each pair of solutions in the tables 2 and 3 † . In table 5 , it is shown the minimal contents of Higgs bosons necessary to break the symmetry for the different values of β and X. In order to study the most general form of the Higgs potential, we take all possible linear combinations among the three triplets forming quadratic, cubic, and quartic
Higgs sextet
In some circumstances, the choice of three triplets may be not enough to provide all leptons with masses [14, 22, 23] . Hence, an additional sextet is considered, which should be compatible with any of the solutions of the table 4. The choice of one of these solutions depend on the fermionic sector to which we want to give masses. Once again, when we evaluate all possible linear combinations among the four fields χ, ρ, η and the sextet S, additional terms are obtained which should be added to the Higgs potentials found for the case of three triplets, and according to the chosen value of β. They are shown in tables 6-10. , when a Higgs sextet is included. , when a Higgs sextet is included. 5 331 model with β = 1/ √ 3
Fermionic content
Before describing in detail the 331 model with β = 1/ √ 3, let us check that it could provide a realistic scenario. As we saw in section 3, we found the Higgs structures and vacuum alignments that satisfy the gauge invariance, the symmetry breaking pattern and the adequate assignment of masses. The quantum numbers associated to U (1) X for three Higgs triplets in the specific case of β = 1/ √ 3, can be determined from Eq. (3.7) for the triplet associated to the first transition and from table 2 for the two triplets of the second transition. On the other hand, gauge invariance in the Yukawa sector provides some relations among the X Φ and X f numbers associated to U (1) X , corresponding to scalars and fermions respectively. Further, cancelation of fermionic anomalies and the requirement that the first two components of the fermion triplets of SU (3) L transform as doublets of the SM, provide the complete requirements to write down the quantum number assignments for the fermionic sector of the model. From the fermionic content described in table 1 with β = 1/ √ 3 we get the quantum numbers of table 11 for a one family framework. This table shows us that the standard model fermions acquire the appropiate quantum numbers and charges, and that the exotic fermions do not have exotic charges either.
Scalar mass spectrum for
The masses of the scalar sector arise from the implementation of the SSB over the Higgs potentials. A detailed calculation of the scalar spectrum is done in Ref. [13] in models with β = − √ 3 and β = − The conditions for the minimum of the potential are given by 1) and evaluated when all fields are equal to zero, we get These parameters are again replaced in the Higgs potential. If the potential is derived twice and then evaluated for all scalar fields such that Φ i = 0, we find the square mass terms. For the neutral scalar fields we have that
For the charged components we have
(5.4)
. From the equations above, we obtain the mass matrices M 
Diagonalization of the charged sector
To obtain the physical spectrum of scalar particles, we should diagonalize the mass matrices. For the matrix M Resolving this equation, a degeneration with P 1 = P 2 = 0, is observed; generating two would be Goldstone bosons associated to two charged gauge fields that acquire mass W
The eigenvectors V i associated to each eigenvalue are obtained from
When solving this equation for the null eigenvalue modes (see appendix A.1), and using the basis χ ± , ρ ± , η 2± , η 3± , it leads to the following combinations, except for a normalization factor
In the R ζ gauge, | ∂ µ X µ − αM X G X | 2 /α, the would be Goldstone boson G X of the gauge field X µ can be defined if we demand from the bilinear term of the gauge fixing to be canceled with the bilinear term coming from the kinetic scalar Lagrangian. In this case we observe that the equation above coincides directly with the first two relations of the Eq. (B.13) in appendix B; where the would be Goldstone bosons of the theory have been obtained from the bilinear term of scalar-gauge fields that appear in the kinetic term of the scalar fields. Therefore, it is deduced that φ ± 1 endows the electroweak charged gauge bosons W ± µ with mass; while φ ± 2 gives masses to the exotic gauge bosons K ± µ . The rest of the eigenvalues are complicate expressions no easy to visualize directly. To find a solution with a clear significance, we should bear in mind that the exotic particles (non observed phenomenologically at low energies) acquire their masses in the first transition of SSB, which happens at very high energies respect to the second transition. It means that [13] :
Under this approximation, it is valid to keep only terms involving ν χ in the matrix (A.3). If the aproximation of only quadratic terms ν 2 χ is held, it is obtain the matrix shown in appendix A.1 Eq. (A.11). As it is observed, this approximation cancels all the components, except the term in the position M 2 φ ± (4, 4), corresponding to the field η 3± , from which information about one of the non-zero eigenvalues is lost. To obtain a better approximation we should allow additional terms but without demanding linear orders in ν χ . One way to have this, is by considering the coefficient f of the cubic term in the scalar potential eq. (4.1) under the following approximation [13] :
It means that terms of the form f ν χ in the mass matrix Eq. (A.3) are of the order O ν 2 χ , and should be preserved in the aproximation, from which we get the matrix of Eq. (A.12). As it was mentioned in Ref. [13] , the approximation (5.9) avoids the introduction of another mass scale apart from the ones defined by the two transitions in Eq. (3.1) . Effectively, when we study the first transition only, we obtain Higgs square masses of the order of ν 2 χ and f ν χ , which can be considered of the same order of magnitude if f ∼ ν χ .
In the matrix (A.12), it is observed that the component η 3± decouples, and the mass matrix is reduced to M 2 ρη 2 Eq. (A.13) of appendix A.1. Getting the eigenvalue (5.10) and the last eigenvalue is 11) whose eigenvector in the basis (ρ ± , η 2± ) is:
Using the hierarchy of the VEV's in Eq. (5.8) we finally find the particles spectrum of the scalar charged sector and their masses which we summarize in table 13 . The fields φ 
Charged scalars Squared masses Features
Higgs Table 13 : Physical spectrum of charged scalar particles, for three Higgs triplets and β = 1/ √ 3.
Diagonalization of the imaginary sector
Now we proceed to diagonalize the matrix M 2 ζζ of Eq. (A.1) appendix A, which has null determinant associated to the would be Goldstone bosons of the neutral massive gauge fields. Solving the eigenvalues equation for M 2 ζζ we get the eigenvalues indicated in appendix A.2 Eq. (A.14); three of them are degenerate with eigenvalue zero.
Since the triplets of the scalar fields χ and ρ have the same quantum numbers they can be rotated to eliminate one VEV [24] . With this basis it is simpler to find the mass eigenstates of the scalar sector 
The solution of the characteristic equation generates the eigenvectors written in their complete form in Eq. (A.15) . For the first three degenerate eigenvalues P 1 = P 2 = P 3 = 0, we have the corresponding eigenvectors associated to the three would be Goldstone bosons. Using the basis of the matrix M 2 ζζ Eq. (A.1), we have
When we compare the first and the third of these combinations with the ones obtained in the appendix B Eq.(B.14), they could be identified with φ 
If additionally, we implement the approximations of Eqs. (5.8) and (5.9) in the results obtained, the particle spectrum can be written as indicated in table 14. The fields φ 
Diagonalization of the real sector
Finally, we take the matrix M .17) . In this manner, it is defined
Imaginary scalars Square masses Features
Higgs Table 14 : Physical spectrum of the pseudoscalar fields, for three Higgs triplets and
when comparing with φ 0 4 of Appendix B Eq. (B.14) it is deduced a coupling to the gauge boson K 0 µ . The submatrix M 2 ξ ρ 2 ξη contains an eigenvalue zero. However, it does not correspond to a Goldstone boson. Such eigenvalue arose from the effect of the quadratic approximation in (A.16). To extract information for this eigenvalue, we take all the terms of the sector M 2 ξ ρ 2 ξη from M 2 ξξ , obtaining an exact submatrix written in (A.18) . Based on this we get the eigenvalues (P 2 , P 3 ) associated to the matrix M 2 ξ ρ 2 ξη of (A.18) and (P 4 , P 5 ) for the matrix M 2 ξχξ ρ 3 of (A.17): 19) with 20) and M ij denote the elements of the matrix M 2 ξ ρ 2 ξη . The non-normalized eigenvectors are written respectively as 21) where S α ≡ sin α, C α ≡ cos α. Being α a new mixing angle defined as:
.
( 5.22) the equations above define finally the physical spectrum of the scalar real fields, as indicated in table 15. to acquire a positive defined mass. Finally, we are able to summarize the particle spectrum of the scalar sector and the would be Goldstone bosons in table 16 . Taking into account the following definitions
Scalars
Square masses Features
2 10
We see then that the scalar spectrum consists of eight would be Goldstone bosons (four charged and four neutral ones) plus ten physical Higgs bosons (four charged and six neutral ones).
Trilinear Higgs-Gauge Bosons terms for
The term 2 in Eq. (B.1) contains cubic couplings between scalar and gauge bosons. We consider these couplings for the SM gauge bosons: W ± µ , Z µ and A µ , with masses given by [18] : 
where a 1 , a 2 and a 4 are defined in Eq. (B.7). The terms in Eq. (6.2) are in the weak basis, which are related to the physical basis through table 16. In the physical basis, and after some algebraic manipulation using Eq. (B.7) in Eq. (6.2), it is finally (6.3) where the electric charge has been defined as e = gS W , and θ and α are given by Eqs. (5.13) and (5.22) . It worths to note that these vertices are the same as the ones obtained in the Standard Model with two Higgs doublets (2HDM). In the notation of Ref. [21] , the Higgs bosons of the 2HDM have the following correspondence with the Higgs notation shown here
The couplings of the charged Higgs bosons to the vertex A µ W µ vanish because of the conservation of electromagnetic charge and only the couplings to the would-be Goldstone bosons can exist since they are not physical fields.
In fact, we can realize that the aproximation f ν x >> ν 6.4) i.e. θ ≈ α, and the L SM trilinear is given by
Where Eq. (6.5) shows explicitly the fact that the couplings of h 0 3 are SM-like when the limit f ν x >> ν 2 ρ 2 ,ν 2 η ; is taken.
Low energy limit for
We shall discuss briefly some important properties of the low energy limit of this model. As we see in fields become heavy modes, in addition by taking f ν χ large enough we obtain automatically that the two mixing angles of the Higgs sector in the remnant two Higgs doublet model become equal, from which the decoupling limit at the electroweak scale to the minimal SM follows naturally [25] . Otherwise, if we assume f ν χ ∼ O (ν 2 EW ) the diagonalization process for the scalar sector would be much more complicated, but a naive analysis shows that we would get a spectrum of SU (2) L ⊗ U (1) Y Higgs bosons lying roughly on the EW scale, obtaining a nondecoupling two Higgs doublet model.
Conclusions
For the 331 models, the set of equations arising from anomalies predicts that the number of triplets and antitriplets must be equal in order to cancel anomalies. These equations lead to an infinite set of possible solutions. If we impose for the model not to have exotic electromagnetic charges, the number of solutions is reduced to only two. On the other hand, the quantum numbers may be restricted by demanding gauge invariance for the Yukawa couplings of the scalar fields to fermions (classical constraints) as well as from the cancelation of fermionic anomalies (quantum constraints), obtaining models with ordinary and exotic charges. Letting free the parameters X and β that define the electromagnetic charge, we get all possible vacuum alignments in both symmetry breakings. When we choice the VEV's according to the breakdown scheme 331 → 321 → 1 the values for X and β are found, obtaining the models already studied in the literature plus other ones with exotic charges. Moreover, it is found that one scalar triplet is necessary for the first breaking and two scalar triplets for the second one, the two triplets for the second breaking contain two doublets of SU(2) L for the second breaking that give masses to the up and down quarks respectively. In some cases it is necessary to introduce an additional scalar sextet in order to endow the neutrinos with masses.
Furthermore, we present the most general Higgs potentials for the models with β = ± √ 3, β = ±1/ √ 3 and β arbitrary with three scalar triplets and one scalar sextet. In particular, the case of β = 1/ √ 3 is analized, getting the scalar spectrum in the R ζ −gauge; such spectrum consists of ten massive Higgs bosons as well as eight would be Goldstone bosons necessary to break the eight generators of the SSB scheme demanded.
Besides, in the framework of the β = 1/ √ 3 model, we calculate the trilinear couplings of the Higgs bosons to the SM gauge bosons, finding that such couplings are identical to the ones of the standard two Higgs doublet model (2HDM). It worths to say that A µ W ± µ are not coupled to the charged Higgs bosons in consistence with electromagnetic charge conservation.
As for the low energy limit (ν 
A Scalar masses i) Imaginary sector
The mass matrix M
The previous matrices are singular, it is associated to the would be Goldstone bosons of the theory (at least one null eigenvalue). it produces two rows of zeros because of the fact that the zero eigenvalue is two-fold degenerate, such that only two of the four equations defined by (5.6) are linearly independent, as can be seen in Eq. (A.5). Since there are four variables, we take a particular solution among the infinite ones, for instance 6) and when we replace in (A.5), it is found
det(M
obtaining the solution φ ± 1 written in Eq. (5.7). To find out the solution of the other degenerate eigenvalue P 2 = 0, we choose x 3 = 0; 8) and from Eq. (A.5), we find .9) obtaining φ with only one eigenvalue. To be able to find out the other eigenvalue, we demand the condition of the Eq. (5.9), and the matrix (A.3) can be approximated at order ν
A.2 Diagonalization of the imaginary sector
As for the matrix in Eq. (A.1), its eigenvalues read P 1 = 0, P 2 = 0, P 3 = 0, and their corresponding eigenvectors are .15) A.3 Diagonalization of the real sector
The equation for the eigenvalues associated to the matrix (A.2), has no simple solutions. Then, we take the approximations (5.8) and (5.9), such that we keep only B Bilinear Gauge-Goldstone bosons terms for β = 1/ √ 3
The kinetic term of the Higgs Lagrangian is:
with
Adding the Eqs. (B.8-B.10) we can find the would-be Goldstone bosons in the R ζ gauge associated to the gauge fields that acquire masses
In the couplings with K 0 µ and K 0 µ , it is observed a mixing amongst the real and imaginary scalars, which is not produced in the mass matrices of the scalar sector, as it is confirmed by Eqs. (A.1) and (A.2). To have it, we make the rotation
with K 0 µ = K 
